Estimates of Eigenvalues and Eigenf unctions 
in Periodic Homogenization 
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Abstract 

For a family of elliptic operators with rapidly oscillating periodic coefficients, we 
study the convergence rates for Dirichlet eigenvalues and bounds of the normal deriva- 
tives of Dirichlet eigenfunctions. The results rely on an 0(e) estimate in H 1 for solu- 
tions with Dirichlet condition. 



1 Introduction 

This paper concerns with the asymptotic behavior of Dirichlet eigenvalues and eigenfunctions 
for a family of elliptic operators with rapidly oscillating coefficients. More precisely, consider 



C £ = -div(A (x/e) V) 



a 



dxi 



d 



dx 



j j 



e > 



(the summation convention is used throughout the paper). We will assume that A(y) 



(a°j(y)) with 1 < i,j < d and 1 < a, (3 < m is real and satisfies the ellipticity condition 



K\i\ 2 < afmtil < *- l \i\ 2 for y G R d and £ = {& 



x>dm 



where k G (0, 1), and the periodicity condition 



A(y + z) = A{y) for y G R d and z G Z Q 



(1.2) 



1.3) 



djf, will also be needed for our main results. 



The symmetry condition A* = A, i.e., aff = 
Let {X e ,k} denote the sequence of Dirichlet eigenvalues in an increasing order for C £ in a 
bounded domain Q. We shall use {A ,fc} to denote the sequence of Dirichlet eigenvalues in 
an increasing order for the homogenized (effective) operator £ m ^- It is well known that 
for each k fixed, X r u — > Ant-, as s — > 0. We are interested in the bounds of |A 



s.k 



A 



0,fc|> 



which exhibit explicitly dependence on e and k. The following is one of the main results of 
the paper. 
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Theorem 1.1. Suppose that A satisfies conditions U.S\) - I[J~S\) and A* = A. If m > 2, we 
also assume that A is Holder continuous. Let Vt be a bounded C 1 ' 1 domain (or convex domain 
in the case m = 1 ) in M. d , d > 2. Then 

\Kk-\k\<Ce(\ , k ) 3/ \ (1.4) 
where C is independent of e and k. 

Remark 1.2. By the mini-max principle and Weyl asymptotic formula, 

K,k ~ Ao, fc « k&. (1.5) 

In view of (II. 4p and fl 1.5ft we obtain 

\K,k - A , fc | < Cek^, (1.6) 



where C is independent of £ and fc. It also follows from (I1.5P that the estimate ( DHJ) is trivial 
ife(A Q)fc ) 1 /2>i. 

Asymptotic behavior of spectra of the operators {C £ } is an important problem in periodic 
homogenization; results related to the convergence of eigenvalues may be found in [28] [29] 
[30][I8][25][21][TI][12][2Q][27] (also see recent papers [6] [7] [8] for quasilinear elliptic 
equations). In particular, the estimate \X £ ^ — A ,fc| < C&-, which is known under the 
assumptions on A and Q in Theorem II .1| may be deduced from the L 2 convergence estimate: 
||w e — Mo|U 2 (n) < C^H/ IU 2 (fi), where u £ (e > 0) denotes the solution of the Dirichlet problem: 
C £ {u £ ) = f in fl and u £ = on dfl. Such L 2 estimate, which may be found in [16J [20J [19J 
[3T] for smooth domains, in fact implies that 

\K,k — Ao,fc| < Ce A^fc, (1-7) 

where C is independent of e and k. In the case that Q is a bounded Lipschitz domain, it 
was proved in [2U] that \\u £ — Mo|U 2 (n) < C<r £ (| In £r| + 1) 2 +f7 ||/|| L 2(Q) for any a > 0, provided 
A satisfies (jl.2p ~ fjl.3p . A* = A, and A is Holder continuous. As a result we obtain 

|A £)fc - Ao, fc | < C a e (| ln(e)| + 1) ^(Aq,*) 2 , 

where depends on a, but not on £ or k. 

Our estimate in Theorem 11.11 improves the estimate (11.71) by a factor of (Ao^) 1 ^ 2 . This is 
achieved by utilizing the following 0(e) estimate in Pq (O; M m ): 

Ik - «o - «• - ^ l^jllw ^ ^ Il/H^n), (i-s) 

where C depends only on A and f2. Here P- ( (0, . . . , 1, . . . , 0) with 1 in the (3 th 

position; $ £ (x) = ($f j( x )) denotes the so-called matrix of Dirichlet correctors, defined by 

£ e ($£.) = in ft, 
$f =Pf ondft. 
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We remark that (11.81) is a special case of convergence estimates in Wq' p (Q) established in [19] 
for 1 < p < oo, under the assumption that A satisfies (jl.2|) - (jl.3p and is Holder continuous. 
We provide a direct proof, which also covers the scalar case m = 1 without the smoothness 
condition, in Section 2. The proof of Theorem 1 1 . 1 [ which uses (11.81) and a minimax argument, 
is given in Section 3. 

In this paper we also study the upper and lower bounds of the normal derivatives of the 
eigenfunctions for C £ . Let <ft be an eigenfunction of the Dirichlet Laplacian on a Lipschitz 
domain Q; i.e., <ft G Hq(Q) and — A</> = \<p in Q. Assume that ||0||i,2(n) = 1. It follows from 
the Rellich identity that 

I \^fda<C\ (1.10) 
Jan 9n 1 

where C depends only on Q. The argument works equally well for second-oder elliptic oper- 
ators with Lipschitz continuous coefficients. In fact it was proved in [T7| that the estimate 
(ll.lOP holds if Q is a general smooth compact Riemannian manifold with boundary. Fur- 
thermore, the lower bound cA < ||^/9n||| 2 / 9n \ holds, if fl has no trapped geodesies (see 
related work in [26J [32J; we were kindly informed by N. Burq that the results on upper and 
lower bounds in [17] may be deduced from earlier work on the wave equations in [5] [5]). 

A very interesting problem is whether the estimate (jl.iup holds for eigenfunctions of C £ , 
with constant C independent of e and A. This problem is closely related to the uniform 
boundary controllability of the wave operator JL + C £ (see e.g. [23] g] [2] [12] [22] and their 



at 2 

references). In the case m = d = 1, it is known that the estimate (ll.lOp with constant C 
independent of e and A may fail. Counter-examples of eigenfunctions <p £ with eigenvalues 
A F ~ e~ 2 can be constructed so that 



|2 



an 



dn 



da~{\ £ f' 2 (1.11) 



(see e.g. [12]). We remark that asymptotic behavior of eigenvalues and eigenfunctions below 
and above the critical size (A £j fc ~ e~ 2 ) was investigated rather extensively for d — m — 1 in 
[TO] [TT] [T2] . To the best of our knowledge, the only results for the case d > 2 were contained 
in [22] , where an observability estimate for a wave equation with rapidly oscillating density 
was established. Note that if d — 1, equations with oscillating coefficients are equivalent to 
those with oscillating potentials. This, however, is not the case in higher dimensions. 

In this paper we show that the estimate (jl.lOp holds if e\ £ < 1. In fact we obtain the 
following. 

Theorem 1.3. Suppose that A satisfies / tl.^) -/ TOj) and A* = A. Also assume that A is 
Lipschitz continuous. Let Q be a bounded C 1,1 domain in lR d , d > 2. Let <p £ 6 i^Q(fi;R m ) be 
a Dirichlet eigenfunction for C £ in Q with the associated eigenvalue X £ and \\4> £ \\L 2 (n) — 1- 
Then 

where C depends only on A and Q. 

If e\ £ is sufficiently small, we also obtain a sharp lower bound in the case of scalar 
equations. 
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Theorem 1.4. Let m = 1 and Q be a bounded C 2 domain in W 1 , d > 2. Suppose that A 
satisfies the same conditions as in Theorem \1.3[ Let cf) £ G Hq(VL) be a Dirichlet eigenf unction 
with the associated eigenvalue X £ and \\<fi e \\L 2 {n) = 1- Then there exists 5 > such that if 
X £ > 1 and e\ s < 5, 

\V0 £ \ 2 da>cX £ , (1.13) 



I an 

where 5 > and c > depend only on A and Q. 
Remark 1.5. It follows from (11.121) that 

\V<j) £ \ 2 do-<C(\ £ f 2 , (1.14) 

an 

where C depends only on A and Q. In Section 4 we provide a direct proof of (11.141) . under 
the weaker assumptions that Q is Lipschitz, A satisfies (ll.2l) -( jl~3l) . A* = A, and A is Holder 
continuous. The proof uses the L 2 Rellich estimates established in [2T] . 

Let {4> £ ,k} be an orthonormal basis of L 2 (Q;W m ), where <p £t k is a Dirichlet eigenfunction 
for C £ in Q with eigenvalue A £j fc. The spectral (cluster) projection operator S £t \(f) is defined 
by 

SeAf)= Mf)> ( L15 ) 

where A > 1, (p £) k(f)( x ) =< 0e,fc) / > 4>e,k( x )' anc ^ > denotes the inner product in 
L 2 (tt;R m ). Let u £ = S £jX {f), where / e L 2 (fi;M m ) and ||/|| L 2 (C) = 1. We will show in 
Section 4 that 

f |2 / CA(l+ £ - 1 ) if £ 2 A>1, n . 

iaJ £ ' "I Cx\l+e\) if e 2 A<l, (L16) 

where C depends only on A and Q. Theorem 1 1 . 31 follows if we choose / to be an eigenfunction 
of C £ . We point out that while the estimate in (I1.16P for the case e 2 X > 1, as in the case of 
Laplacian [32], follows readily from the Rellich identities, the proof for the case e 2 X < 1 is 
more subtle. The basic idea is to use the H 1 convergence estimate (II. 8p to approximate the 
eigenfunction cf) £ with eigenvalue A £ by the solution v £ of the Dirichlet problem: C (v £ ) = X £ (f) £ 
in Q and v £ = in dQ. The same approach, together with a compactness argument, also 
leads to the sharp lower bound in Theorem 11.41 whose proof is given in Section 5. 



2 Convergence rates in H l 

Let C £ = -div(A(x/e)V) with A(y) = (a°f(y)) satisfying (Q-flEHl). Let X (v) = (xf(y)) 
denote the matrix of correctors for C\ in W 1 , where Xj(y) = {x] {v)i ■ ■ ■ ■> Xjiv)) -^p er (^! ^ m ) 
is defined by the following cell problem: 



' 1 ' -Ml r ; / ni it, . 

(2.1) 
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for each 1 < j < d and 1 < < m. Here Y = [0, l) d ~ M. d /Z d and P?(y) = yj(0, . . . , 1, . . . , 0) 
with 1 in the (3 th position. The homogenized operator is given by Co = — div(y4V), where 

a/3\ 



A = (a^ ) and 



Let 



a ij 



Y 



a/3 , aey @ I 7/3 



— I — n "r v i 



dy. (2.2) 



ftg'(y) = ~ atfiv) - a »(y)^(?C?), (2-3) 
where 1 < a, (3 < m and 1 < i, j ' < d. 

Lemma 2.1. Suppose that A satisfies conditions / tl.^|) -/ TOj) . For 1 < a, < m and 1 < 

i,j, k < d, there exists F^r. e H^ eT (Y) such that 

^ = W k ^ and < = ~ F t- (2-4) 
Moreover, F = (F£~) G L°°(y) if x = (x^) ^ s Holder continuous. 

Proof. See Remark 2.1 in [19]. □ 

By the N. Meyer estimates (see e.g. [151 P-154]), the matrix of correctors x £ Wpe?(^0 
for some p > 2. It follows that x is Holder continuous if d = 2. In the scalar case (m = 1), 
the well known De Giorgi -Nash estimates also give the Holder continuity of x f° r d > 3. In 
view of Lemma [2.11 we may deduce that ||i^||oo < C if d = 2 and m > 1, or d > 3 and 
m = 1, where C depends only on d and k. If d > 3 and m > 2, the functions (and 
VFj*?) are bounded if A is Holder continuous. 

Lemma 2.2. Suppose that A satisfies conditions ( fi.ffi) -( TOI) . Lei m = 1 and Q be a bounded 
Lipschitz domain. Then 

||<,-/flU~ ( n) <Ce, (2.5) 

where C depends only on A. If m > 2, the estimate Ii2.5\) holds, with C depending only on 
A and Q, under the additional assumptions that A is Holder continuous and Q is C 1,a for 
some a G (0, 1). 

Proof. This is proved in [T9], Proposition 2.4] by considering the function u e = $^(x) — 
Pj{x) — £Xj(x/s). Notice that C{u £ ) = in Q and u £ = —eXj(x/e) on dfl. In the scalar 
case one may use the maximum principle and boundedness of x to show that ||M e ||L oo (n) < 
H w e||.L°°(dn) < Ce. This implies that \\$ £ j ~ ^flU°°(n) — Ce. If m > 2, under the additional 
assumptions that A is Holder continuous and fl is C 1,a , we know that x is bounded and 
||iie|U°°(n) < C \\u e \\i,°°(dn) (see [31 p. 805, Theorem 3]). This again gives ( 12. 5ft . □ 

Lemma 2.3. Suppose that u £ G i? 1 ^; M m ), u G # 2 (f2; M m ) ; and £ £ (m £ ) = C {u ) in SI. Let 
w e (x) = u £ (x) - u (x) - {Sfjiz) - Pf(x)} ■ (2.6) 
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Then 



W«t)) fl 



_d_ 



d 2 ul 
dxjdxk 



+ 



_d_ 



<f(x/e) ¥ £ Vx)-x k 5^ 



d 2 ul \ 



(2.7) 
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+ ajf (x/e) ^ - x h 5*> - exV (x/e) 



d 2 ul 
. dxjdxk 



□ 



where <5 /?7 = 1 if (3 = j, and zero otherwise. 

Proof. This follows from Proposition 2.2 in [TH] by taking Vfj(x) = $^(2). 

Theorem 2.4. Suppose that A satisfies ( li-ffp -j TOp . If m > 2, assume further that A is 
Holder continuous. Let Q be a C 1 ' 1 domain in M. d . For e > and / G L 2 (fi;R TO ) ; Ze£ tt e &e 
£/ie unique weak solution in (f2; M' m ) to the elliptic system C £ (u e ) —finfl. Then 



(2i 



where C depends only on A and Q. 



Proof. Under the assumption that A satisfies (ll.2l) - (ll.3p and is Holder continuous, the es- 
timate (12.81) is a special case of the convergence estimates in Wq ,p (Q; M m ) for 1 < p < 00, 
proved in [T9~| Theorem 3.7]. We give a direct proof here, which covers the case m = 1 
without the smoothness condition. 

Let w E be given by (12. 6p . We first consider the case / G C^(M. d ; K m ). In this case it is 
easy to see that under the assumptions in the theorem, w E G HqIQM.™) fl L°°(f2;K m ). It 
follows from (12. 7p that 



Vw e \ 2 dx < Ce |V 2 mq| |VtuJ dx 



+ C \V{$ £ (x) -P(x) -ex(x/e)}\ |V 2 m | \w e \dx, 



(2.9) 



where $ £ = (^fj), P = {Pj)> an d we have used estimates H-F^Hoo < C in Lemma [27T1 and 
ll^e — -f ||oo < Ce in Lemma [2.21 By the Cauchy inequality this implies that 



WwJ dx < 



Ce 2 



+ 



I V 2 u | 2 dx 
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(2.10) 



\w £ \ dx 



[ \V{$ e (x)-P(x)-e X (x/e)} 
Jo, 

for any S G (0, 1). We claim that 

/ |V{$ £ (a;) -P{x) -ex{x/e)}\ 2 \w £ \ 2 dx < C e 2 / \Vw e \ 2 dx 
Jq Jq 

By choosing 5 > so small that C$5 < (1/2), we may deduce from (I2.10p and (12. lip that 

U 2 (n)- 
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(2-11) 



Klli^n) < C ||Vw £ || L 2 (n) < Ce ||V u \\ L 2 { n) < Ce 



To see (12. lip , we fix 1 < j3 Q < m and 1 < jo < d and let 

h £ (x) = $* o (x) - P/ °(x) - ex£(a;/e) in fi. 
Note that h £ e H\Q; R m ) n L°°(fi; M m ) and £ e (/i e ) = in Q. It follows that 



k I | Vh £ \ 2 \w £ \ 2 dx < / a^{x/e) 
Jn Jn 



dxi dxj 



\w F \ dx 



-2M«. a «?(x/ e )g.M„7 dl . 



(2.12) 



Hence, 



/ \Vh £ \ 2 \w £ \ 2 dx < C / \h £ \\Vh £ \\Vw £ \\w £ \dx } (2.13) 

in 

where C depends only on d and n. Estimate (12. lip now follows from (I2.13P by the Cauchy 
inequality and the fact that ||^ £ ||oo < Ce. 

Finally, suppose / € L 2 (f2; M m ). Choose a sequence of functions {fe} in Co°(fi; M. m ) such 
that fe — > f in L 2 (Q; W 71 ). Let w Ej £ be defined by (12. 6p . but with / replaced by ft. Since 



in 



■,j - w E: i\\ H i^ < Ce \\fj - /e| | £2(n), 



it follows that w £t e — > to in i7Q(f2;R m ) as £ — > oo, and < || Z/ 2 (n) • However, 

it is not hard to verify that w £j £ — > w e in L 2 (f2; M" 1 ). As a result we may conclude that 
w £ = w G -ffd(fi; M m ) and the estimate (12. 8p holds. This completes the proof. □ 

Remark 2.5. Let m = 1 and f2 be a bounded Lipschitz domain. An inspection of the 
proof of Theorem 12.41 shows that the estimate (12 .8p continues to hold as long as one has 
||V 2 w ||l2(q) < C||/|| L a ( n) and V% e L°°(fi;M m ) for / e C °°(fi;R m ). Consequently, the 
estimate (I2.8P holds in the scalar case, if Q is convex and A satisfies (ll.2p and (II. 3p . 

Remark 2.6. Since 

fi- 



9 V | «9X 



doc j doc 2 > J dx j ^ J doc ^ doc j 



it follows from ( 12 .8p and (12. 5p as well as the estimate || V 2 mq||l 2 (q) < C ||/||.L 2 (n) that 



3 Convergence rates for eigenvalues 

The goal of this section is to prove Theorem For e > and / e L 2 (fi;M m ), under 
conditions (II .2D and (11.31) . the elliptic system C £ {u £ ) = f in Q has a unique (weak) solution 
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in i7o(0;IR m ) . Define T e (f) = u e . Since ||w e ||fl-i(n) — C \\f\\L 2 (n), where C depends only on 
k and Q, the linear operator T £ is bounded, positive, and compact on L 2 (Q; R m ). Under the 
symmetry condition A* = A, the operator T £ is also self-adjoint. Let 

Hs,\ > ^£,2 > " > He,k > • ■ ■ > (3.1) 

be the sequence of eigenvalues, in a decreasing order, of T £ . By the mini-max principle, 

/i e>fc = mm max <T £ (f)J>, (3.2) 

/l >-./*-! \\f\\ L 2(n) =1 

SL 2 (0;K m ) f±ft 

i=l,...,fc-l 

where < , > denotes the inner product in L 2 (^;R m ). Note that 

< T e (f), f >=< u £ , f >= ^ af{x/e)— ■ dx (3.3) 

(if £ — 0, a^Hx/e) is replaced by a*f). 

Let {4> e ,k} be an orthonormal basis of L 2 (f2;M m ), where £j £; is an eigenfunctions as- 
sociated with /i £j fc. Let V £ fi = {0} and V £ ^ be the subspace of L 2 (fi;K m ) spanned by 
{0 £) i, . . . , £ifc } for fc > 1. Then 

/i £jfc = max <T £ (f)J>. (3.4) 

/-LVe,fc-l 

ll/llx,a ( n)=l 

Let X £t k = (/ie,/c) _1 - Then {A £j fc} is the sequence of Dirichlet eigenvalues in an increasing 
order of C £ in Q. 

Lemma 3.1. . Suppose that A satisfies U.ty )- I[T1^) and the symmetry condition A* = A. 
Then 



\fJ>e,k - A*o,fc| < max { max | < (T e - T )f, f > \, max | < (T e - T )f, f > 

/-LVb,)fe-i f±V Si k-i 

,ll/llL2 ( n) = 1 ll/llL2(fl)=l 

/or any £ > 0. 

Proof. It follows from (13. 2 p that 

A* e ,fc < max <T £ (f)J> 

11/11^(^=1 

< max < (T £ -T )(f)J>+ max <T (f)J> 

/-LVo,fc_i /±Vo,fc-l 

Il/lli2(n) =1 ll/llz,2(n) =1 
= f max < (T £ - T )(/), / > +// ,fc, 

/-J-'O,*— 1 
11/11^(0)=! 
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where we have used (13. 4p . Hence, 



A* £ ,fc - ^o,fe < max < (T e - T )(f),f > . (3.5) 

ll/IL2(Q)=l 

Similarly, one can show that 

Vo,k-Vs,k< max < (T -T e )(f),f > . (3.6) 

H/llL2 ( n)=l 

The desired estimate follows readily from (13.51) and (13. 6p . □ 
It follows from Lemma 13.11 that 

\^e,k — HQ,k\ < \\T £ — Tq\\ L 2^ L 2. (3.7) 

Under the assumptions in Theorem ll.il it is known that \\u e — Uq\\ L 2^ < CeWfW^^, where 
C depends on A and Q. Hence \\T e — T \\ L 2^ L 2 < Ce, which implies that \n e ,k ~ Me.ol < Ce. 
It follows that 

|A e ,& — Ao,fc| < C*£:Ao,A;A e5 A;. 

2 

By the mini-max principle and Weyl's asymptotic, \ £j k ~ Ao,fc ~ fc3™. As a result, we obtain 

I A e , fc - A , fc | < Ce{\ k f < Cek^t , (3.8) 



where C is independent of e and fc. Note that the proof of (13.81) relies on the convergence 
estimate in L 2 : \\u e — «o||L 2 (n) < C^H/Hl 2 ^)- The convergence estimate in Hq in Theorem 
12.41 allows us to improve the estimate (13. 8 p by a factor of fcVC'M. 

Proof of Theorem 11.11 We will use Lemma 13.11 and Theorem 12.41 to show that 

\Ve,k ~ A^o.fcl < (Ato,fc) 1/2 , (3.9) 

where C is independent of e and fc. Since = (/i £i fc) _1 for e > and A £j fc ~ A 0) fe, this gives 
the desired estimate. 

Let u £ = T e (f) and u = T (f), where \\f\\ L 2(n) = 1 and / _L V^-i- In view of (JH3D for 
e = 0, we have < Uq, f >< //o,fe- Hence, 

c|| Vw ]|i2 (fl) << u ,f >< /i ,fe, 

where c > depends only on the ellipticity constant k of A. It follows that 

WfU-na) < C \\Vu \\ L 2 {n) < C (/i ,fc) 1/2 . (3.10) 

Now, write 

< u, - u, h f >= <»« - u - {<, - P/}g, /> + <{<, - ff />• 
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This implies that for any / _L Vq^-i with ||/||z,2 



(O) 



dvP 

<u £ -u ,f>\< hs-uo - {$l e - Pf}^\\ Hm \\f\\ H - H n) 



+ \\{<e-rn uu ° 



du f c 

o^Wl^uj (311) 

< Ce\\f\\^ a) \\f\\ H - 1{n) + CellVtioll^njH/ll^n) 

where we have used Theorem 12.41 and the estimate ||3>f * — -P/lloo < Ce for the second 
inequality, and (I3.10p for the third and fourth. 

Next we consider the case / _L V £ ^-i and ||/||i^(n) = 1- In view of (I3.4p we have 
< u £ ,f >< fi £jk . Hence, c\\Vu £ \\ 2 L2 ^ n) << u £ ,f >< fi £ ,k- It follows that 

\\J\\H- 1 {n) < C\\Vu E \\ L 2 {n) < C(iie,k) 1/2 (3.12) 

and 

II Vu |U^) < C ||/|U-i(o) < C (/i e , fc ) 1/2 , (3.13) 
where C depends only on the ellipticity constant of A. As before, this implies that for any 
/ 1 V eJk -i with ||/|| L 2(o) = 1, 

I <u E -u ,f> | < IK-uo-^-ifl^H^njII/llfl-Hn) 



(3.14) 

< C£||/|| H -i ( o) + Ce||Vwo|U2(o) 
<Ce(A .W* 

< Ce(/i, 



e,k) 
,1/2 



where we have used the fact /i £j fc ~ //o,fc- In view of Lemma [3.11 the estimate (I3.9P follows 
from fl3TTB and (|3TT4]) . □ 

4 Conormal derivatives of Dirichlet eigenfunctions 

Throughout this section we assume that A satisfies conditions (ll.2p -( TL~3]) and A* = A. Let 
A > 1 and S e>x (f) be defined by ffLT5]) . Note that 

c £ (s £ M)) = ^s £ M) + RsAf), (4.1) 

where 

t/a^s [Va,Va+i) 
10 



Clearly, IIS^^/OHl 2 ^) < II/Hl 2 ^)- It is also not hard to see that 

(4.3) 

||Vit; £) A(/)|U 2 (n)<CA||/|| i2(n) , 
where C depends only on the ellipticity constant k of A. 

Lemma 4.1. Suppose that A satisfies ( fl.jgp - pTgj) and A* = A. Also assume that A is 
Lipschitz continuous. Let u £ G ^{VL^W 11 ) be a solution of C £ {u £ ) = f in Q for some 
f G L 2 (Q;W m ) , where Q is a bounded Lipschitz domain. Then 

I n k h k a f(x/e)^ ■ ^ da = 2 f h k L k ^- - n~\ < • a$(x/e) ^ da 

Jdfl UX i OX j Jdfl L ux i ux k ) < -> x j 

div(/i) af(x/e)^- ■ ^ dx 

_l_ 2 /" a a ! 3 (x/e)^ U " dx 
J Q dxi VJ dx k dxj 

f du a 
-2 / f".-±.h h dx, 

where h = (hi, . . . , h m ) G C*o(lR d ; lR d ) and n denotes the unit outward normal to dQ. 

Proof. Use the divergence theorem and the assumption that A* = A. We refer the reader to 
141 for the case of constant coefficients. □ 



Lemma 4.2. Assume that A and n satisfy the same assumptions as in Lemma 4J_ Let 
u e = S £j \(f) be defined by ( 11.15]) . where f G L 2 (f2;IR m ) and ||/||£2(«) = 1. Suppose that 
u £ G # 2 (n;M m ). Then 



Ids 



C f 

\Vu £ \ 2 da < C A + -/ \Vu £ \ 2 dx, (4.5) 
'an e Jn £ 

where fl E = {i G SI : dist(x, dQ) < s} and C depends only on A and fl. 

Proof. We first consider the case < e < diam(fi). In this case we may choose a vector 
field h in C^(R d \R d ) such that n k h k > c> on d£l, \h\ < 1, \Vh\ < Ce~\ and h = on 
{x G f2 : dist(x, <9fi) > ce}, where c = c(O) > is small. Note that C £ {u £ ) = \u £ + R e ,\(f) 
in fi. Since u £ = on <9f2, it follows from (|4.4j) that 



C f f du a 

\Vu £ \ 2 da< — I \Vu £ \ 2 dx-2X \ u £ ■ -h k dx 

an 



'l(ReAf)T-^-h k dx. 



dXk (4.6) 
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Using the Cauchy inequality we may bound the third integral in the right hand side of (14. 6 j) 
by C||i2 e)A (/)|| L 2(n)||Vw £ || Z 2(n), which, in view of (JUSD, is dominated by C\. 

To handle the second integral in the right hand side of (14. 6p . we use the integration by 
parts to obtain 

\2\ u a -—^-h k dx\ = \\ \u £ \ 2 div{h)dx\< — / \u £ \ 2 dx. (4.7) 
Jn dx k J n e Jn 



Since 



it follows that for any ip G Cq 



n 



\ I 1 2 aB / I \ Ou^ I 2 



jf (Aw e - £ £ (« £ ))%V + 2 jf u «a%f(x/e)^l -^<pdx. 



(4.9) 



Choose <y9 so that < ip < 1, = 1 if dist(x, <9f2) < ce, ip(x) = if dist(x, dft) > 2ce, and 
|Vy?| < Ce~ l . In view of ( H~9]) we have 

A / |m £ |V 2 ^<C / \Vu £ \ 2 ip 2 dx+ / |-R e ,a(/)| Kl y2 2 Gfe + C / |w £ | 2 |Vv?| 2 dx 
Jn Jn Jn Jn 



<C I \Vu £ \ 2 (p 2 dx + \\R £: x(f)\\L2(n)\\u £ \\L2(n 2cE ) + ^ [ \u £ \ 2 dx 



< C / \Vu £ \ z dx + CeX, 



where we have used the Cauchy inequality, (14. 3p . and the inequality 



\u £ \ 2 dx<Ce z \Wu £ \ 2 dx. (4.10) 

This, together with (14. 6 p and (14. 7L gives the estimate (14.51) . 

Finally, if e > diam(fi), we choose a vector field h G C*o(lR d ;lR d ) so that h k n k > c > 
on dQ. The same argument as in (14. 6 p and (14.71) shows that the left hand side of (14.51) is 
bounded by C\. □ 

Theorem 4.3. Suppose that A satisfies conditions / fl.£j) -/ TOj) . and A* = A. Also assume 
that A is Lipschitz continuous. Let Q be a bounded C 1,1 domain. Let u £ = S £ .\(f ) be defined 
by ( ED , where f G L 2 (ft,M m ) and \\f\\mn) = 1- Then 

Vu £ \ 2 da<\ C ^^ V* X *]> (4.11) 



,,,,, L C\(l + eX) if e 2 \ < 1, 

where C depends only on A and Q. 
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Proof. We first note that under the conditions on A and Q in the theorem, u £ G H 2 (Q; M. m ). 
This allows us to use Lemma I4T21 and reduce the problem to the estimate of Vu £ \\ 2 L2 ( n ^ 
by the right hand side of (14. lip . If e 2 X > 1, the desired estimate follows directly from 

l|v« £ ||! 2(n) < ex. 

The proof for the case e 2 X < 1 is more subtle and uses the H 1 convergence estimate in 
Theorem 12.41 Let v £ be the unique solution in Hq(Q; M m ) to the system, 

C (v e ) = \u e + R e , x (f) in fi. (4.12) 

Observe that 

\\Xu e + R £ M)\\LHn)<CX. (4.13) 

Since dQ is C 1,1 and Co is a second order elliptic operator with constant coefficients, this 
implies that v £ E H 2 (tt;R m ) and 

\\V 2 v £ \\ L 2 (n) <CX. (4.14) 

Also, using Cq{v £ ) = C £ {u £ ) in Q, we may deduce that 

IKHffi(fi) < C\\Vu £ \\ L 2 {Q) < Cy/X, (4.15) 

where we have used (I4.3p . To estimate Vm £ ||^2(q £ ), we use the estimate ||V$ E ||oo < C in 
[3] to obtain 



dx< — — ^ - — <^ C A ■ tt^ \ dx + — / VvJ^dx 



<CeX 2 + j [ \Vv £ \ 2 dx. 



(4.16) 



where the last inequality follows from f |2.14j) and (I4.13p . Furthermore, we may use the 
Fundamental Theorem of Calculus to obtain 

- / \Vv £ \ 2 dx<C [ \Vv £ \ 2 da + Ce [ \V 2 v £ \ 2 dx 
£ Jq e Jan Jn £ 

12 a„ , rv\2 



< C / \Vv £ \ 2 da + CeX z , 
Jan 

where we have used (I4.14p for the second inequality. As a result it suffices to show that 

\Vv £ \ 2 da <CX{l + eX). (4.17) 



'an 

To this end we use a Rellich identity for Cq, similar to (14. 4p for £ £ , to deduce that 

/ \vv £ \ 2 dx<c [ \vv £ \ 2 dx + c\ [ {xu e + R £ M)} a -^r--hdx\ 

Jan Jn Jn oxj. 

< CX + CX\ / i£ • • h k dx\ (4.18) 



dx k 

du a C 

< CX + CX\ I v°-j-^- h k dx\ + A / < • vf ■ div(h) dx\, 

'n ® x k Jn 
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where h = (hi, . . . , hd) € C*Q(M d ; M. d ) is a vector field such that h^n^ > c > on dQ and 
\h\ + |V/i| < C, and we have used (14.151) and (14. 3 p for the second inequality and integration 
by parts for the third. To estimate the third integral in the right hand side of (14.1 8p . we 
note that 

IKIIff- 1 ^) = ^W^eiUe) - Re,\(f)\\H-i(n) 

< cx- 1 ' 2 , 

where we have used (14.31) . It follows that 

A| / <<div(/i)dx| < CA||« e || H -i ( n)||v e div(ft)||^ (n) < CX. (4.19) 
Finally, we claim that 

f du a 

| / v«—^h k dx\< C(\ + eX). (4.20) 
Jn oxk 

In view of (14.181) and (14.191) . this would give the estimate (I4.17p . To see (I4.20p we use 
integration by parts to obtain 



v — — 

£ dx k 



f du a 1 f 

hhdx\<\ / fit" — v™) tt^- hh dx H — / \u £ \ 2 div(h) dx\ 
1 1 Jn dx k 1 2' V 1 

•S-*-}g}gfc*l 



< I / < < - t£ 



< C \\(Vu e )h\\ H - Ha) \\u £ -v £ - - P/} 



+ Ce ||Vit £ || L 2(n)||Vf £ ||i2 (n) + C 
<C + CeX, 

where we have used Theorem 12.41 as well as the estimate ||Vm £ ||l2(q) + || Vu e ||L 2 (n) < CX 1 ! 2 
for the last inequality. This completes the proof. □ 

Note that the right hand side of (14. lip is bounded by CX 3 / 2 in both cases. We give a 
direct proof of this weaker estimate under some weaker assumptions. 

Theorem 4.4. Assume that A satisfies $1.2\) - [T1]\) . A* = A, and A is Holder continuous. 
Let Q be a bounded Lipschitz domain. Let u £ = S £i \(f) be defined as in U.15\) . Then 

f \Vu £ \ 2 da <CX 3/2 [ \f\ 2 dx, (4.21) 
Jon Jn 

where C depends only on Q and A. 

Remark 4.5. Recall from ( 11. lip that the upper bound ( 14.211) is sharp when d = 1 and Q is 
an interval. 
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The proof of Theorem 14.41 relies on the Rellich estimate in the following lemma. 

Lemma 4.6. Assume that A and Q satisfy the same conditions as in Theorem \4-4\ Suppose 
that u e G R m ) and C £ (u £ ) = f in Q for some f G L 2 (Q; W 71 ) . We further assume that 

u £ G H\dn ; R m ). Then 

[ \Vu £ \ 2 da<cf \V tSin u £ \ 2 da + C [ \u £ \ 2 da + C [ \f\ 2 dx, (4.22) 
Jan Jan Jan Jn 

where V ta ,nU £ denotes the tangential gradient of u £ on dVL and C depends only on A and Q. 

Proof. We first point out that in the case / = 0, the estimate (14.221) was proved in [21] for 
Lipschitz domains with connected boundaries. If dQ is not connected, the estimate 

||VM £ || L 2 (an) < C\\u £ \\ H i (dn) (4.23) 

follows from the case of connected boundary by a localization argument. 
If / = (f\ . . . , f m ) ± 0, we define w £ = {w\{x), . . . , wf{x)) by 

<(*) = / rf(x,y)f(y)dy, 
Jn 

where T £ (x,y) is the matrix of fundamental solutions for C £ in ~R d , with pole at y. Then 
w £ G H\n; R m ) and C £ (w £ ) = f in fi. We claim that 

/ \Vw £ \ 2 da+ [ \w £ \ 2 da <C [ \f\ 2 dx. (4.24) 
Jan Jan Jn 

Assume the claim (14. 24ft for a moment. Note that u £ — w £ G H 1 ^), C £ (u £ — w £ ) = 
in Q, and u £ — w £ G if 1 ((9fi). In view of estimate ( 14. 23ft for the case / = 0, we obtain 
||V(w e - w E )\\ L 2(an) < C \\u £ - w £ \\ h i^q). This, together with (I4.24p . yields that 

||V« e ||i2( 9 n) < C \\u £ - w £ \\ H i {m) + \\Vw £ \\ L 2 {m) 

< C || V tan u £ \\L 2 (dn) + C 1 1 u £ Wtfian) + C \\ Vw £ \\ L 2^ + C||w e || L 2 (an ) 

< C ||V ta nM e ||z,2(dn) + C \\u E \\ L 2( d ty + C ||/||l 2 (0)- 

It remains to prove (I4.24p . We will assume that / G Cq(Q; K m ); the general case follows 
by a limiting argument. Let g — (g 1 , . . . , g m ) G L 2 (dQ; R m ). It follows from Fubini's theorem 
as well as the Cauchy inequality that 

I f ^9 a da\ = | [ f(y) { [ -0-{Tf (x,y)} g a (x) da(x)\ dy\ 

l Jan dxi 1 l Jn Uandx, 1 £ K ,y,{y K J K J ) y| (4.25) 

< ||/IU 2 (n)lke|U 2 (n), 

where v £ = {y\, . . . , v™) and 

vl{y)= ! ^-{Tf(x,y)}g a (x)da(x). 
Jan ox i 
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By [21, Theorem 3.5], we have 

IKII^n) < C || (v e )* \\L 2 (dQ) < C \\g\\L2(m), 

where (v E )* denotes the nontangential maximal function of v e . In view of (14.251) . this, by 
duality, implies that || Vw £ \\ L 2 {dQ) < C||/|| L 2 (n) . 

Finally, we note that since |r e (x,y)| < C\x — y\ 2 ~ d (see [3]), 

Jn \x-y\ d 2 [Jn \x~y\ d 2 J 

This yields the estimate ||w £ ||L 2 (9n) < C||/||l 2 (q)- □ 
Proof of Theorem 14.41 We may assume that ||/||i2(n) = 1. Consider the function 

w £ (x, t) = u e {x) cosh(vAt) in Qt (4.26) 

where Qt = ^ x (0, T) and T = diam(O). Note that Qt is a bounded Lipschitz domain in 
R d+1 and w £ E H 1 ^). Since C £ {u £ ) = Xu £ + R £ ,\(f) in fi > lt follows that 

< C £ - — \ w £ = Re,\{f) cosh(v / At) in Q T . 

In view of Lemma 14.61 we obtain 

/ \V x , t w\ 2 da(x,t) < C / \V tSLI1 w\ 2 da(x,t) + C \R £iX (f) cosh(V\t)\ 2 dxdt. 
Jan T Jan T Jn T 

This implies that 



/ | cosh(v / At)| 2 rft / \Vu £ \ 2 da 
Jo Jan 

< CA|cosh(v / AT)| 2 + CA f (cosh^t)) 2 ^, 

Jo 



(4.27) 



where we have used the fact w £ = on dQ x (0,T) as well as estimates of ||Vu E ||i2/Q) and 
\\ReAf)\\mn) in gD. Finally, since 

[ \cosh(V\t)\ 2 dt~ -^=e 2 ^ T ~ ^|cosh(v / AT)| 2 , 
Jo v A v A 

we may deduce from (14.271) that 

\VuA 2 da < CA 3/2 . 



'an 

This finishes the proof. □ 
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5 Lower bounds 

In this section we give the proof of Theorem 11.41 Throughout this section we will assume 
that m = 1 and Q is a bounded C 2 domain in R d , d > 2. We will also assume that A satisfies 
(ll.2p - fll.3l) . A* = A, and A is Lipschitz continuous. 

Recall that $ e (x) = (&e,i( x ))i<i<d denotes the Dirichlet correctors for C £ in fl. 

Lemma 5.1. Let J($ e ) denote the absolute value of the determinant of the d x d matrix 
■ Then there exist constants Eq > and c > 0, depending only on A and tt, such that 
for < e < £o, 

J($ e )(x) > c, if x efi and dist(x,dQ) < cs. 

Proof. Using dilation and the standard C 1,a estimate for £i, it is easy to see that 

|V$ e (x)-V$ e (y)| <Ce- a \x-y\ a , 

for x,y e Q with \x — y\ < e, where < a < 1 and C depends only on a, A, and Q. This, 
together with the fact ||V$ e ||oo < C, shows that it suffices to prove J(Q> e )(x) > c > for 

x e on. 

Next, we fix P € dQ. By translation and rotation we may assume that P = and 

Q fl {(x',Xd) : \x'\ < r and \xd\ < To} 

= {(x',x d ) : \x'\ < r and ip(x') < x d < r }, 

where if) : R 6 ^ 1 ->• R is a C 2 function such that ^(0) = |V^(0)| = and ||V 2 ^||oo < M . 
Define 

U(r) = {(x',x d ) E R d : \x'\ < r and ip(x') < x d < r}. (5.1) 



Since $ e (ar) = x on <9f2, we see that 



J(* e )(0) 



<9x„ 



(0) 



Also recall that \<& E)d (x) — x d \ < Co£, where Co depends only on A. 

Let so > 4C*o be a large constant to be determined. For < e < (r /so), let u £ be the 
solution of C £ {u £ ) = in C/(s e) with the Dirichlet data g on dU(s e), given by 

{M |x'| 2 if Xrf = VK x an d l^'l < s £, 

^(-So^) 2 + Cqe if = SqE and ^(a/) < < so£, (5.2) 
if x d = s e. 

Since < g < M (sqe) 2 + CqE, it follows from the maximum principle that 

< u £ < M {s e) 2 + C £ in U(sqe). 

By the boundary Lipschitz estimate in [31 Lemma 20], we then obtain 



|Vu e (0)| < C L e + (soe)- 1 



U{s e) J (5.3) 
< C X {s e + CqSo 1 } , 
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where G\ depends only on M and A. Using $ e d (x) > x d — C e in Q and $ £i d(x) = on 
dfl, it is easy to verify that § £y d + g > on dll(soe). As a result, by the maximum principle, 
we also obtain $ £jrf + u £ > on [/(s e). 

Let 4Co <t <s . We consider the function 

w(x) = <S> e4 (t £x/2) + u e (t ex/2) in B = B(Q, 1), 

where Q = (0, . . . , 0, 1) and < s < s 1 min(r , (2M ) _1 ). Note that 

C 2t -i{w) = in £? and minw = w(0) = 0. 

Thus, by the Hopf maximum principle (see e.g. [131 P-330]), we obtain 

i> > ^w), 

where cq > depends only on to and A. It follows that 

^(0)>\ d (0 ) ... ) 0,W2)-^(0) 
ox d t e ox d 



(5.4) 



> ^$ M (0, . . . , 0, toe/2) - C^sos + Cos, 1 }, 

where we used the estimate (15. 3p as well as the fact u £ > 0. 
Finally, note that if to = 4Co, 

$ M (0, . . . , 0, t e/2) > (t e/2) - C e = (t„e/4). 

This, together with (15 .4p and the choice of s = 4CiCo/c , yields 

- ( o)> r c lSo£ -CA >-, 

for < e < 6o, where Eq > depends only on A and Q. The proof is complete. □ 

Since ||V$ £ ||oo < C> it follows from Lemma [5. II that if x e Q and dist(x,<9fi) < ce, then 
the d x d matrix (V$ e ) is invertible at x and 



c\w\ < \(V$ £ {x))w\ (5.5) 



for any vector w in 



Lemma 5.2. Lei -u e be a Dirichlet eigenf unction for C £ in Q with the associated eigenvalue 
X and \\u £ \\l2(q) = 1. Then, if < e < e , 



\Vu £ \ 2 dx>c\-CE\\ (5.6) 
where c > and C > depend only on A and Q. 
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Proof. Let v £ be the unique solution in Hq($V) to the equation Cq{v e ) = X £ u £ in Q. As in 
the proof of Theorem 14. 3[ we have || Vu e ||x,arn) < Cy/X and || V 2 v £ \\ L 2^ < CX. Moreover, it 
follows from f!2.14p that 

||Vu £ - (V$ £ )Vi; £ || L 2 (n) < CeX. (5.7) 

Hence, 

l -\ \Vu £ \ 2 dx>Y £ j \{V§ £ )Vv £ \ 2 dx-CeX 2 

J lira! J Vtrp 



{hi 



> - / \Vv F \ 2 dx - CeX* 



where we have used (15. 5p for the second inequality. Using 



C 



an 



Vv F \ z da<—l \Vv F \' z dx + Ce I \V 2 v F \ 2 dx 



and || V 2 f £ ||z,2(m < CX, we further obtain 



1 

6 Jn c 



Vu F \ 2 dx>cl \Vv £ \ 2 da - CeX . 
an 



(5.9) 
(5.10) 



We will show that 

X <C f \Vv £ \ 2 da + CeX 2 , 
Jan 

which, together with (I5.9p . yields the estimate (15. 6p . 

To see (I5.10p . we may assume, without loss of generality, that G O. It follows by taking 
h(x) = x in a Rellich identity for Cq, similar to (14. 4 p that 



an 



< x, n > au —— 

OXn 



dv F dv, 



dv f dv dv f dv 

— ^ da = (2 — d) / dij— — ■ dx — 2X / u £ —^x k dx 
oxi J Q dxj dxi J n dx k 

f f dv £ 

— (2 — d)X / u £ v £ dx — 2X / u £ —^x k dx. 
Jn Jn dxk 



This, together with 



dv F 



2 / u £ — — Xhdx = — 2 
dxi. 



d-2 



Tr—v £ Xk dx — 2d / u £ v £ dx 
n dx k 

du F , . . , 

v £ — u £ )x k dx — 2d / u £ v £ dx, 



n 



n dx k 



n 



obtained by integration by parts, gives 



< x, n > ciij 



dv £ dv £ 
■ t: — da 



dxj dx 

2X + (d + 2)X / u £ (v £ -u £ )dx + 2X I 
Jn Jn 



du £ 
n dx k 



(v £ - u £ )x k dx. 



It follows that 



f f du £ 

2X<C \Vv £ \ 2 da + CX\\u £ -v £ \\ L 2 (n) + 2X / — — (w £ - v £ )x k dx 
Jan Jn ox k 



(5.11) 
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Finally, note that \\u £ — v e \\i2fQ\ < CeX. Also, the last term in the right hand side of 
(15.1 ip is bounded by 



2A 



du F 



U £ -V £ - ($ Eij - Xj 



oc dec 



+ C\e\\Vu £ \\ L 2 {n) \\Vv £ \\ L 2 iQ) 

2 



du dv 
< CeX 2 , 



□ 



where we have used Theorem 12.41 This completes the proof of (15.101) . 

Let ip : M*- 1 R be a C 2 function and ip(0) = |V^(0)| = 0. Define 

Z r = Z(i(),r) = {x = (x',Xd) G M d : \x'\ < r and ift(x') < x d < r + ip(x')} , 
I r = I{tp,r) = {x = (x',Xd) G M d : \x'\ < r and x^ = tp{x')\. 

Lemma 5.3. Let u G H^iZ?). Suppose that — div(AVu) + Eu — in Zi and u = in I2 
for some BsM. assume that \E\ + HVAHoo + ||V 2 ?/>||oo < Co fln< ^ 



|Vw| 2 <ix>Co / |Vw| 2 dx 



(5.12) 



/or some C Q > 0, c > 0. 27ien 



z 2 



Vw| 2 <i<7>c / \Vu\ 2 dx, 
h Jz 2 



(5.13) 



where c > depends only on the ellipticity constant k of A, Co, and Cq. 



Proof. The lemma is proved by a compactness argument. Suppose that there exist sequences 
{ip k } in C 2 ^" 1 ), {w fe } in E x {Z{^) k , 2)), {£ fc } C R, and {A fc (x)} with ellipticity constant 
k, such that Vfc(0) = |V^fc(0)| = 0, 

(5.14) 
(5.15) 
(5.16) 



div{A k Vu k ) + E k u k = in Z(V>*, 2), w fc = on Iftfo, 2) 



|Vu fe | 2 dx = 1, 



2 



\S7u k \ dx > c , 



and 



|Vwfc| 2 da — > as fc — >■ 00. 



(5.17) 



By passing to a subsequence we may assume that ip k — > ip in C 1,Q! (|x'| < 4). By the boundary 
C 1,a estimate we see that the norm of u k in C 1,a (Z(ip k , 3/2)) is uniformly bounded. As a 
result, by passing to a subsequence, we may assume that v k — > v in C 1 (Z(0, 3/2)), where 
Ufe(a/, x d ) = u k (x', x d - ijJk{x')) and Z(0, r) = {(x', x d ) : \x'\ < r and < x d < r}. 
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We now let u(x',Xd) = v(x',Xd + if)(x')). Clearly, by passing to subsequences, we 
may also assume that Ey. — > E in R and A k — > A in C a (B(0, R )). It follows that 
\E\ + ||VA|| L oo (B ( 0ii?0 )) < C , 

- div(AVw) + Eu = in Z(t/j, 1) and u = on 1(^,1). (5.18) 

In view of (15.171) we also obtain Vii = in I (if}, 1). By the unique continuation property of 
solutions of second-order elliptic equations with Lipschitz continuous coefficients (e.g. see 
[TJ), it follows that u = in Z(if>, 1). However, by taking limit in the inequality in (I5.16p . 

\Vu\ 2 dx > c > 0. (5.19) 

This gives us a contradiction and finishes the proof. □ 

Remark 5.4. Suppose that C £ {u e ) = \u e in Z(?p, 2e) and u £ = in I(if), 2e) for some A > 1. 
Assume that e 2 X + || VAW^ + || V 2 ^||oo < C and 



\Vu £ fdx > c / |Vtt e rdx (5.20) 
for some Co, Co > 0. Then 

; \Vu e \ 2 da>- I \Vu e \ 2 dx, (5.21) 

/0,e) £ JZ(i>,2e) 

where c > depends only on the ellipticity constant of A, cq, and Co- This is a simple 
consequence of Lemma 15.31 Indeed, let w(x) = u £ (ex) and if) e (x') = e~ lr ilj(ex'). Then 
Ci(w) = e 2 \w in Z(if> £ ,2) and 

|Vw| 2 dx > Co / |Vw| 2 dx. 

Z(i/) S ,1) Jz(i>e,2) 

Since e 2 X + \\WA\loo + || V 2 ^!!^ < Co, it follows from Lemma 1531 that 

\Vw\ 2 da >c \Vw\ 2 dx, (5.22) 

which gives (I5.2ip . Note that the periodicity assumption of A is not needed here. 

Proof of Theorem II .41 For each P G dQ, there exists a new coordinate system of M. d , 
obtained from the standard Euclidean coordinate system through translation and rotation, 
so that P = (0, 0) and 

Q n B(P,r ) = {(x',x d ) ER d : x d > ^(x')} fl B(P,r ), 

where ^(0) = |V^(0)| = and ||V 2 V>||oo < M. For < r < cr , let (A(P, r), D(P, r)) 
denote the pair obtained from (I(ip,r), Z(tp,r)) by this change of the coordinate system. If 
< e < cr , we may construct a finite sequence of pairs { (A(P i; e), D^Pi, e))} such that 



dQ = \jA(P l ,e) 
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and 

^2xD( Pi ,2e)<C and fi B cU%4 (5.23) 

i i 

Let At(r) = A(P i? r) and A(r) = A(i». 

Suppose now that w e G ifo(fi), C £ {u £ ) = \u £ in f2, and ||w e ||i,a(n) = 1- Assume that 
A > 1 and eX < 5, where 5 = 5(A, Q) > is sufficiently small. It follows from Lemma 15.21 
and (I4.16p - (j4.17p in the proof of Theorem 14.31 that 

c\<- [ \Vu £ \ 2 dx<- [ \Vu £ \ 2 dx<C\. (5.24) 



2: 



e Jn C£ e Jn 2 

To estimate J dn | Vw £ | 2 da from below, we divide {Di(e)} into two groups. We call i G J if 



\Wu £ \ 2 dx<N \Wu £ \ 2 dx (5.25) 

Di(2e) JDi{e) 

with a large constant N = N(A, Q) to be determined. Note that if % G J, by Remark 15.41 



\Vu £ \ 2 da > — / |Vtt e | 2 (ia; 



where 7 > depends only on A, Q, and N. It follows by summation that 
\Vu F \ 2 da > — I \Vu F \' z dx 



dU £ Ju i€ jDi(E) 



> — I I \Vu £ \ 2 dx- I \Vu £ \ 2 <ir 
>—{ce\- / \Vu £ \ 2 dx 



(5.26) 



where we have used the fact Q C£ C {JiD^e) and estimate (I5.24p . 

Finally, we note that by the definition of J as well as the estimate (15.241) . 

\Wu F \ 2 dx < — [ \Wu F \ 2 dx < — [ \Wu F \ 2 dx < ( A 



U i<fJ Di(e) N Ju i<fJ Di(2e) N Jq 2e ' N 

where we have used the fact \J i D i (2e) C f2 2e . This, together with ( 15 .26 p . yields 

I \Vu £ \ 2 da > ^{c-CN' 1 } > cA, 
Jan 



(5.27) 



if N — N(A, fl) is sufficiently large. The proof is complete. □ 
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